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Abstract The LION (evoLved slgn mOmeNtum) optimizer was found by Google via program search, making it
a unique learning-based optimization algorithm. With the incorporation of two distinct interpolations between the
previous step momentum and the current step gradient, as well as the integration of decoupled weight decay,
LION successfully outperforms many traditional sign-based gradient descent algorithms, showing impressive
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performance in solving large scale deep learning problems. Although previous studies have investigated its
convergence properties, no research has yet provided a comprehensive analysis of its convergence rate, which is
more practically relevant. Recognizing that LION can be regarded as solving a specific box-constrained problem,
this paper focuses on demonstrating its convergence to the Karush-Kuhn-Tucker (KKT) point at the rate of
O(\/d_ K™*), where d is the problem dimension and K is the number of iteration steps. Step further, we
remove the constraint and establish that LION converges to the critical point of the general unconstrained
problem at the same rate. This rate not only delivers the currently optimal dependence on the problem dimension
d among existing studies but also tightly matches the theoretical lower bound for nonconvex stochastic
optimization algorithms with respect to the number of iterations K. Additionally, the lower bound is typically
measured by the gradient ¢, norm, while the LION optimizer, as a member of the SignSGD family, usually
measures the larger ¢, norm. Since different gradient norm measures may lead to different convergence rate
dependencies on d, to verify that our convergence rate is also optimal with respect to d , we conduct extensive
experiments across various deep learning tasks. Through these experiments, we not only demonstrate that LION
achieves lower loss and higher performance compared to standard SGD, but also empirically confirm that the
gmmmtalgrmmwmbd@wwm(X%BJMSmwMgmmmnwwwmmemmmmm%ﬂmmwmmm
lower bound with respectto d in the empirical sense.
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