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Abstract  The LION (evolved slgn mOmeNtum) optimizer was found by Google via program
search, making it a unique learning-based optimization algorithm. With the incorporation of two
distinct interpolations between the previous step momentum and the current step gradient, as
well as the integration of decoupled weight decay, LION successfully outperforms many tradi-

tional sign-based gradient descent algorithms, showing impressive performance in solving large
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scale deep learning problems. Although previous studies have investigated its convergence prop-
erties, no research has yet provided a comprehensive analysis of its convergence rate, which is
more practically relevant. Recognizing that LION can be regarded as solving a specific box-con-

strained problem, this paper focuses on demonstrating its convergence to the Karush-Kuhn-Tuck-

er (KKT) point at the rate of 0(/d K "), where d is the problem dimension and K is the num-
ber of iteration steps. Step further, we remove the constraint and establish that LION converges
to the critical point of the general unconstrained problem at the same rate. This rate not only de-
livers the currently optimal dependence on the problem dimension d among existing studies but
also tightly matches the theoretical lower bound for nonconvex stochastic optimization algorithms
with respect to the number of iterations K. Additionally, the lower bound is typically measured
by the gradient ¢, norm, while the LION optimizer, as a member of the SignSGD family, usually
measures the larger ¢; norm. Since different gradient norm measures may lead to different conver-
gence rate dependencies on d , to verify that our convergence rate is also optimal with respect to
d , we conduct extensive experiments across various deep learning tasks. Through these experi-
ments, we not only demonstrate that LION achieves lower loss and higher performance compared

to standard SGD, but also empirically confirm that the gradient ¢,/¢, norm ratio aligns with

®(/d ), thus proving that our convergence rate matches the theoretical lower bound with respect

tod in the empirical sense.
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Background

The research presented in this paper is focused on the
field of deep learning, particularly in the context of large-
scale nonconvex optimization problems. In recent years, sig-
nificant progress has been made internationally in designing
optimization algorithms for deep learning tasks, including
traditional stochastic gradient descent (SGD) and its adaptive
variants such as Adam, RMSProp, and AdaGrad, as well as
its signed variants such as SignSGD and LION. While these
methods have demonstrated strong practical performance,
the theoretical understanding of their convergence rates, es-
pecially for novel algorithms like LION, remains incomplete.

This paper addresses these challenges by providing a
comprehensive convergence rate analysis of the LION optimi-
zer for a specific type of constrained problem and general un-

constrained problems. The results demonstrate that LION a-

chieves a convergence rate of (3(v/d K~ "'), where d is the
problem dimension and is the number of iterations. This rate
theoretically matches the current lower bound for stochastic
gradient methods in nonconvex optimization with respect to
K, and empirically matches the lower bound with respect to
d in practical deep learning applications. These findings pro-
vide theoretical insights into the behavior of LION, contribu-

ting to a deeper understanding of its performance in large-

scale deep learning problems.

LeGresley, Jared Casper, Bryan Catanzaro. Megatron-LLM.
Training multi-billion parameter language models using mod-

el parallelism. arXiv preprint arXiv:1909. 08053, 2019

LI Huan, Ph. D. , associate professor. His research in-
terests include machine learning and numerical optimization.
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This paper addresses the core research problem of the
project of Science and Technology Innovation 2030: “Major
Program on New Generation Artificial Intelligence”, Project
No. 20227ZD0160300, hosted by Ministry of Science and
Technology of the People's Republic of China. Specifically,
this work contributes to topic 2 of the major project, titled
“Foundational Algorithms for Machine Learning in General
Vision”, with the topic No. 2022ZD0160302.

The goal of topic 2, “Foundational Algorithms for Ma-
chine Learning in General Vision”, is to develop and analyze
efficient optimization algorithms tailored for large-scale intel-
ligent models, which impose higher demands on training da-
ta, computational resources, storage platforms, and energy
efficiency. The project emphasizes the design and analysis of
highly efficient optimization algorithms specifically suited for
large models.

Key objectives include designing single-core optimization
algorithms for general nonconvex problems, such as minimi-
zation, bilevel, and min-max optimization. By leveraging
techniques such as momentum acceleration, this topic aims
to improve the convergence properties of stochastic optimiza-
tion methods and provide well-defined stopping conditions
and complexity measures for key computational costs. Fur-

thermore, this topic explores distributed optimization meth-



9 i — N5 2 LION {fE fb 4% (9 W 503 BE 73 A7 2029

ods with low communication complexity, enabling efficient
multi-machine, multi-core optimization. Additionally, it in-
vestigates learning-based optimization approaches that incor-
porate prior knowledge from training data and neural net-
work architectures to break theoretical complexity lower

bounds under certain conditions.

The algorithms developed and analyzed under this topic
aim to support the fast training and inference of large-scale
models, addressing critical challenges in general machine
learning optimization. The results of this paper contribute di-
rectly to these objectives by advancing the theoretical under-

standing of the LION optimizer.





