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Abstract Bayesian network classifier (BNC) has been widely used in the data mining, artificial
intelligence and other fields due to its excellent classification performance and interpretability.
Information theory has established a strong mathematical and theoretical basis for its rapid
development. For example, conditional mutual information is widely used to measure the conditional
dependence between attributes in the topology structure of BNC. However, Bayesian network is also
called causal network, the research on causality in the Bayesian network is a controversial topic in the

artificial intelligence and other fields. The definition of causality between attributes is much more
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complex and subtler than that of correlation. Conditional mutual information may be not suitable for
measuring the extent to which the global topology structureof BNC fits data, and the symmetry of its
expression determines that it can only describe the undirected correlation between attributes, not the
directed causality. An exploratory research is carried out in the causal relationship of Bayesian
networks from the perspective of information entropy. This paper firstly defines the mapping
relationship between the joint entropy function and the joint probability distribution within the Bayesian
networks from the perspective of the log—likelihood function, and then proposes the class conditional
entropy function and local conditional entropy function based on the joint entropy function to identify
the causal relationships between attributes in the topology structure. Finally, a label-driven heuristic
structure learning method is proposed to build a BNC that can balance labeled data fitting and
unlabeled data generalization, which is named HBN. Experimental evaluation on 35 datasets from the
UCI machine learning repository shows that the proposed algorithm enjoys significant advantages in
terms of classification performance over other state—of-the-art algorithms. For example, in terms of
0-1 loss function, HBN beats the algorithm of correlation—based feature weighting filter for naive
Bayes (CFWNB) on 17 datasets and loses 5, beats selective k-dependence Bayesian classifier
(SKDB) on 14 datasets and loses 5, beats attribute and instance weighted naive Bayes (AIWNB) on
17 datasets and loses 7. In terms of bias, HBN beats CFWNB on 26 datasets and loses 6, beats
SKDB on 10 datasets and loses 5, beats AIWNB on 22 datasets and loses 6. Besides, when
compared with ensemble algorithms, HBN also achieves significant advantages over weighted average
one—estimators (WAODE: 11 wins and 2 loses in terms of 0-1 loss; 15 wins and 7 loses in terms of
bias) and random forest (RF: 19 wins and 9 loses in terms of 0—1 loss; 29 wins and 4 loses in terms of
bias). Variance-wise; CFWNB, WAODE and AIWNB have no structure learning and are irrelevant
to the variation of training data, thus they enjoy lower variance results. The local topology of HBN
can fully reflect the implicit causality in testing instances, and reduce the negative impact of training
data over fitting to a certain extent. Thus, HBN has significant advantages in terms of variance over
SKDB (20 wins and 9 loses) and RF (26 wins and 3 loses). Compared with other algorithms, the
average O—1 loss and bias results of HBN are improved by about 6. 06 % and 12. 65%. Compared with
SKDB and RF, the average variance results of HBN is improved by about 16.49%. HBN is effective
and feasible for uncertain knowledge representation and reasoning.

Keywords bayesian network classifier; log likelithood function; joint entropy; conditional

entropy; cross entropy
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SR » FE VAT FE AT SR 0 N TR A 17 150 AR MERA
B> AE A PR [RAE A 15 7 B S AL 3R 28
AR SC N A B R SR T S48 2 AL, B
a= (3= 1/2. HBN [ 2R 2] sl B GA % 3 .

#i£3. HBNAELE.

A U D={X,X,, . X, Y, b Y=
{yl,yz, "',y,z,}s‘?ﬂﬂiﬁifﬁﬂlz{ X1, X2y .“’In}*n
ZH ks

TRMAARES .

Lo RIERFREE Y X DHEATRISN A58 m I % T4
D, A 1<<i<<m;

2. FORi=1—>m:

2.1 MBI L 5T UG T D, kA T AR
HIHBN';
END FOR

30 AR R 2, BT O S5 ) o R0 A R A R
HIHBN";

4. M~ A2) B 5 B8 HBNT /Y b
45 K Fe AR BL B9 26 £ 4> 1 BB HBN', Hovh =

arg min {H(PHBN’(y’x)’PHBN"(y’ 1))};

i€[1, m]
yey

PllBN/(y‘I)+P11L’,1\"(y|‘r)
2 .

#E HBN AL 2R B, 1A 2 S5 i 1 ek 1) 2
FBEHR O(t(nv ) THERER ARG 0 i ] 52 2% iy
O (tmn®), o e RS BIAK n @B v o E@ Pk
2 PRI PR T R IBUIEL S8 mm Ry AR B B
DG Fig o R 18] 52 2% BE R O (). PRt HBN ZE DI 2590 B
FIF 5 19 S B ) 5 24 B R O (£ ()" + tmn® + m). 7E
A3 B X FAT R 45 D S 9], HBN AR 523 5K
(13) KT 5 S ME R I AT 7 SO 3R % B 11
)52 22 B R O (k).

4 WS

5 iR[A]y'=arg max

4.1 IEHIESTE

AR SO UCT AL &2 > P 19 35 /1> K gl 4
P i e iy BARFA R 1 s A Bdla gl
AR S5 A B e Py HE B L FG o B B TR A 1 R 2R
e I 0 3l v ) AR B R T 2 252 T J s P g e 2R

(B N R8s v 0 P B 1 e iR
i (Minimum Description Length) J5 5 X} % 22 % J&
PEHEAT B HUAL b 2

x1 BIEE
F o LG AN SRR AR
1 Labor 57 16 2
2 Labor—negotiations 57 16 2
3 Z00 101 16 7
4 Promoters 106 57 2
5  Lymphography 148 18 4
6 Wine 178 13 3
7 Glass-id 214 9 3
8 Hungarian 294 13 2
9 Heart—disease—c 303 13 2
10 Soybean-large 307 35 19
11 Primary—tumor 339 17 22
12 Dermatology 366 34 6
13 Muskl 476 166 2
14 Chess 551 39 2
15 Balance-scale 625 4 3
16 Soybean 683 35 19
17 Breast—cancer-w 699 9 2
18 Vehicle 846 18 4
19 German 1000 20 2
20 Led 1000 7 10
21 Contraceptive-mc 1473 9 3
22 Yeast 1484 8 10
23 Mifeat-mor 2000 6 10
24 Hypothyroid 3163 25 2
25 Splice—c4.5 3177 60 3
26 Abalone 4177 8 3
27 Waveform-5000 5000 40 3
28  Phoneme 5438 7 50
29  Page-blocks 5473 10 5
30 Seer_mdl 18962 13 2
31 Magic 19020 10 2
32 Adult 48842 14 2
33 Shuttle 58000 9 7
34 Waveform 100000 21 3
35 Census—income 299285 41 2

R T B R Y AT S A A AR SO LR
PO AN 5 T 2R 56 R A7 - (1D 0-1 #6128 pR &L (0-1 loss
function) : tLE 7 AR TEA RIS T 15250 258
(2) 1 2% (bias ) - 7 & T AME 316 5 LS HER (B 2Z (8]
I 25 5 2R 5 (3) 77 22 (variance) : B = 7E AN [ 3B oy
B T ARE 2 0 AR Ak 0 Bl O 5 (4D B[] 7 A <
TRER NSRS AN o SR I i (R) 1) 22 S k. 52
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BRI SR S A SO S RS HBN AT LU AL

(1) 3 F A M 09 NB & Mo At 38 5 vk
(Correlation—based feature weighting filter for NB,
CFWNB)"'";

(2) #EFEH: KDB(Selective KDB, SKDB);

(3) ML AODE(Weighted AODE, WAODE)™*;

(4) BEHLAR#K (Random forest, RF)™;

(5) FETJ@ PR RS AL ) NB 59 (Attribute
and instance weighted naive Bayes, ATWNB)"™;

i F 4 32 U UE R AR AFEE 5 E a3
R EE 0L ATWNB S AT P 2 2) A F g
o0k F 8 202 2 (Eager learning) Fli 5 0 2% 2J
(Lazy learning) J7 % « Hif & £ TN ZRBdi 2 2 AL I
10 ATWNDB®, J& 3 2 T M0 58 5] 2 ) A T 0 R
ATWNB". 1 5 8 B B, AR SCHT b K i) A B AR 52
55 B4 T @ o v sl Ak http: //github. com/
Bayes514/HBN 2 HX.

4.2 ZBWERILEESF

0 265 41§ N5 ¥ 2 24 I A I v 58 o i
A B R W R . AL Z T, AR AODE Y
RERIA —Fr BRI OC &R HZ B T n > ODE ¥
BEA A OC R L AR SCHE BNC I 2549 52 2% B2 FR )
B, BIE HBN fil SKDB H' 2= 2. 1fif RF Fh 56 -+
W% B & R 10. A 3Cff A Win/Draw/Loss (W/
D/L) A0 S AE 45 € VAl B BRI T 5006 A 550E
BAH F 2R B AL/ 26000/ 5 25 i B0He 4R n ke 2R
PN SL B 0 P BE SR b 10 22 5 B2 /N T 506, AR
R oy PEREAR A
4.2.1 0-1 kA%

RGN T ARSI B EAE 0-1 45 2% sk
9 W/D/L e 5t ARWIE . HBN 75 0- 145 2% R %X
W8 F CFWNB (17 1k 5 45 ) - SKDB (14 {k
547) ATWNB (17 7 45) F ATWNB (17 8 45).
111745 48 WU A WAODE 1 RF A L HBN WIS 1
A3 o3 1186 2 5 191945

H FTFE 2 o T ReAC I e 1Y F S o

2 W/D/LTEO-1 KR LR RER
W/D/I. CFWNB SKDB WAODE RF AIWNB® AIWNB:
SKDB  13/10/12
WAODE 15/13/7 12/14/9
RF  12/5/18 9/10/16 9/8/18
AIWNBE  7/24/4 11/9/15 7/12/16 17/7/11
ATWNB- 14/17/4 12/9/14 10/13/12 19/5/11  7/26/2
HBN  17/13/5 14/16/5 11/22/2 19/7/9 17/11/7 17/10/8

KA FT R H 2538 U1, A SOl 1 i Bt kgL
(Goal Difference , GD)" P EAL 432588 A FI B 7EAL BN
Rl £ DI 2R RE 22 57k, AR U
GD(A; B|D)=|WIN|— [LOSS| (14)
HoHr [WINIHULOSS| 53 53R 3 25 8% A 7R 45 58 T
Aili PR RS T R IR T 8045 T 43 25 4% B (19 5l
LR, K84 H T HBN 5 CFWNB. SKDB.
WAODE.RF . AIWNB FI ATWNB"7£ 0-1 i 2k ek %k
i i BTG e o X SRR B R A Y
(F SEBIECR/INBE P HEIT ) - Y Bl 3R 20 25 2% A M X
Tor2edn BIE AT SR e R4

20

————HBN vs CFWNB
HBN vs SKDB
HBN vs WAODE
151 = = = = 1IBN vs RF T 7 T a
====HBN vs AIINBE | | 27N 0
veseneeesHBN vs ATWNBL . ww v Y/
ol N :

P

My o5 30 35 40
BRI

F'8 HBNAHM T CFWNB.SKDB.WAODE .RF . AIWNB*
ATATWNBZE 0-1 $15< pRE L Aty i R0 A il 2k

0 5 10 15

W 8 PR » MEE LR T 1000 CBE 5 )75
19) H/N T 2000 CBdia 5 175 23) B HBN AR XS T i
A B v i SRS 2B AR 1 A
SRR AE BRI FUBE T B P 9 O— 1 i 2k R Bl ALy
WEVEZE S Y BRI T 2000 B HBN A XS T
CFWNB.WAODE ., AIWNB" Fll ATWNB" {1 4 Jik: 2
TIELA 1 48 5 B IR 52 TE A G . S0 RS /N T
1000 B, HBN A% T SKDB #1 RE ¥4 ik Z3148 4
fil 2 5 B BIASE 5L 1 R 56 . 33 1 ) 35 T o B )
PRERAR 61 OC 2 B T8 7+ BNC 143251 .
4.2.2 fmEMIT%E

BT RAEGTHEIE .l X 0-1 Ak iR B 17
S Ff AT LAAS 3] 0 25 7 2508, 20 B I 3 2 gkt
YIZREE A HUA BE 1 BTN S5 H0 3l i) e e e
I 25 A b 7 4 SR AR A SRR T A A v
A Bk AR & (I CEWNB. SKDB . ATWNB®
FIATWNBD)  $rF 02548 5 2 T 00K I 22 R 7 25
1117 285 F4) FR7 20 U] S 350 Ml 2 R O 25 4 7R (i



2144 it (=2 HL

L
&

Eitd 2021 4F

WAODE 1 RF) W] D43 o B g 5 A~ B8 19 52 4%
JEE S 7 22 L I FH A2 BOL ) S 3K 2% . HBN
I TF%2 2] TR S B 22 1 25 M BB TS B 1) 42
TEETF. 2 3R 4 730 45 T ARSI KA LA 25
M2 B W/D/L EE#IE %,

®3 WD/LEREEHILRER

W/D/I. CFWNB SKDB WAODE RF AIWNB" ATWNB"
SKDB  22/5/8

WAODE 22/4/9 10/12/13

RF  8/0/27 4/2/29
AIWNB* 9/18/8 7/5/23  8/8/19 27/0/8

AIWNB" 14/16/5 7/6/22 9/8/18 28/0/7 11/23/1

HBN  26/3/6 10/20/5 15/13/7 29/2/4 22/7/6

7/1/217

22/7/6

*4 WID/LEFELEWILEER
W/D/I. CFWNB SKDB WAODE RF AIWNB® AIWNB"
SKDB  5/4/26
WAODE 11/2/22 25/3/7
RF  1/0/34 8/1/26 5/2/29
AITWNBF 1/14/20 23/4/8 21/1/13 32/1/2
AIWNB" 4/9/22 24/5/6 21/1/13 32/2/1 10/24/1
HBN  7/1/27 20/6/9 7/7/21 26/6/3 9/3/23

8/4/23

W3k 3 Fros , e 22 J7 T, HBN 5 H g 5k A1
LA 45 W 4 #4, 41 n HBN 5 CFWNB #H [t
26116 47, 5 SKDB M H 1011 545 . 5 WAODE #f
Fe 154745 . 5 RF A EL 2911 4 45 . 5 ATWNBE il
AIWNB"#{ tt 22 11 6 45 . th F CFWNB. WAODE.,
ATWNB* Fil ATWNB" & f 4 #h) 5 2] i 72 AR Fh 45
P Z YN A HE R s 52 . PRE , W36 4 R, 31X
OSBRI T H B 3k 1 HBN Y JR i
FF NG R RE 70 o0 R I 3 S ) B A I R R AR
TE— 8 T2 B2 T8 I R a0 2ok 40062 > 1) 17T 52
M. PR, 5 SKDB #il RF At HBN A9 5 22 45 1 1
B R (2048 945 . 26 £ 345). AT UL, 36 T~ 28 U
(RS TR DC FEATL A AT B T 785042 S I 2R 8500 v s o )
JIT P B i — i PR R 56 2 DA AR BB R AR A A 0 I 3t
S R PR TS B R R R R e &R

9 A1 10 43 5 45 1 T HBN A X% F CFWNB.
SKDB.WAODE . RF . ATWNB" il ATWNB" 7£ ffi 22 il
J5 2 Bt B THUA 2R, anlEl 9 FIToR , Bt s
R BE N, HBN 94k 22 B 8.4 F CFWNB.RF .
ATWNB" FIl ATWNB". 24 %4 4f #LEL /N T+ 303 CH s 4
FF5 9)  HBN B 22 18 T SKDB ; 24 5045 B AR K T
303 B = M 25 45 A O RAR A B0 R B

K F 1000 B CH s 45 7y 5 20) - HBN 89 1 22 08 T
WAODE.

25 ] ¥
e HBN vs CFWNB i 5
HBN vs SKDB ’
20F HBN vs WAODE =
= ===HBN vs RF P "
|5h= === HBN vs AINNBE .\~
seeneeaes HBN vs ATWNBL® |
t , i #
5 5 T
=10 i
s i
I'i \
5k 1’ : —
’ |
&
or :
-5 L 1 L L . 4 :
0 5 910 15 20 ) 25 30 35 40
RS

K9 HBNAXFCFWNB., SKDB, WAODE, RF., Al-
WNBEHI ATWNB 7w 22 - ik iU A Hh 2k

el IBN vs CFWNB= = = =HBN vs AIWNB® L
90 |=———=HBN vs CKDB +seeeesesHBN vs ATWNBL *
HBN vs WAODE : -7

-

15Fa = = = HBN vs RF -

i
H OoFSeng :
ﬁ S \\
-5 L — e !
. NoAA c\::-.fr\a % :
10k \"\:f\ X s,
15}
-20}
_25 1 1 I 1 I 1
0 5 10 15 Mo 25 30 35 40
HAm S

F 10 HBNAEX T CFWNB.SKDB . WAODE .RF .Al-
WNB"F1 ATWNB" 7677 22 | A ik SR 31-481 A il 26

anE 10 7R s HBN A% T RE 197 22 15 ik 231
014Gt 28 -5 250 R ) 38 5 TR O 5 S B AR
F 1000 B4 75 19) H KT 18962 CH a4 7 5
30) i}, HBN A%} T SKDB 14 75 2% i )ik 231114 ith
2R 5 R IR S T A G . DR st 22 AN 22 R RE R
FRIM & HBN AH X T SKDB &3 T 7 254834, AH%F
F RF MR B T 418 5 £ #. CFWNB. WAODE,
ATWNB"F1 ATWNB"H T HARF 4514 5 U1 28545 0
KRR KRB AE 7 22 7 A PL 3. HBN AR X
T CFWNB.WAODE.AITWNB" #1 ATIWNB" i) J5 2%
ek ST UL G 2R 5 B AR RS I S R OG . (E
1548 iR A X T E SR  HBN Y Jm 45 44 7]
DU R RS b 2R 3K 25 Ji M ZE A R 358 1 1 PRI 2R
KA RN R PR T — Al 1700 S B
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4.3 BIEZERIES SR

BI1L A2 47 5 45 T BT A S8k i I ko3 2%
B[] ) bl A 5 S, G b R R B 0 AR 3R & I A
35 B 4 R AT AT 28 LIS IR B () 25 2R 71
8. W& 11 s . T CFWNB. WAODE . ATIWNB®
F ATWNB" B A7 S 18 2 2] b 78 o PRI HY- 3431 5 Bsf
[E15 N D0 I R W S A ik e B u i oy R T (T=
HBN A9 27 Il 2k i [6] B &2 /) F SKDB #1 RF. 40
B 12 7w s T HBN AT AR 5 )1 2 4 i) DL it $87 Y
25 H AN G A T S S B Y R AR Rtk
WAODE, RF. AIWNB" fil ATWNB" A tL Bt 75 17 8
43 SRt Rl F L 1 5 CFWNB A1 SKDB A Hb
HBN 153 S i ] O 35 5k 2 P A5/ 8.

3.0

2.0

B [ /5

1.0 frmmmmemee

$ $ $ 5
S & e &S w

B 11 YIZmfa) st 5

i [ /B

K12 sr2embn) bpAess

R EAR BHOMFRIEE T A e IR R 2
(] (4 JC 18] R S 1T ARAT o) PR S 75 BNC ]
REI A T5E [ i 77 SR AT ) JCRR AL oL 254
HAR R TCIE E B 1A DL 30 [ 245 3 4 DA AR A s

0L R B L O A K T B A &R Y BNC 2
7/ 0T A W e Y 1 T NIV /3 R = SR P
H (X ITE, y) FURERAAEI H (0 fxf, Y) H 50 5 H 1
AT LAt A (D ) T 4 S 18— CREaRO PR G &
1 BNC , 55 2 1 53 25 D5 pR 56 142 SUJR ) A5 0 D i
RS 7 354 UCTHF IR £ 5 [ A s i 4 R 3k
WY A TE O-1 PR pREL IR 22 A1 22 7 T 5
CFWNB. SKDB. WAODE. RF. AIWNB® #iI
ATWNB" S50 FLHA W 2 A .

ASCUE T35 10 & P E R 50t . — ok i,
B A Y ) 43 ARSI T L B — AR TR T A AR
RUAE B T iR A AR, ANtk 4l & 5 S5k F R T
. AR Ty BB A AN R B FNE EE , etk
A A 0T AR B FIE A HBN. Johridk
DU ST AG) 2 AN 8 2 1 5 AR 3000 K S22 49 g S 1) A 28
ARG HE o PRI AR SCAONRICRE A B 1 & R T ]
LN R by R SR N PSR e ¥4 e S e
O3 AR B2 > FRm . DRIk, g DA 3 52 7 v
FEHR A TER O JEORAB T T 432 B AL i f S
FATTA R TAER) FZEW T T ).
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Background

Bayesian network classifiers (BNCs)are powerful tools for
knowledge representation andinference under conditions of
uncertainty. They have widely used in data mining and artificial
intelligence due to its excellent classification performance and
interpretability. Information theory has established a strong
mathematical basis for its rapid development. For example. to
overcome the conditional independent assumption of naive
Bayes, many researchers use conditional mutual information to
measure the conditional dependence between attributesin the
topology structure of BNCs, including single models (e. g. ,
tree—augmented naive Bayes and k-dependence Bayesian
network classifier) and ensemble models (e. g. , averaged one—
dependence estimators). However, identifying the dependence
relationships between attributes and constructing a BNC based
on information measures (such as conditional mutual
information) cannot accurately express the dynamic change of
the dependence relationshipswhen attributes take specific
values. In addition, although Bayesian network is also called
belief network or causal network, the symmetry of conditional
mutual information expression determines that they can only
describe undirected dependencies (rather than directed

causality). Based on the directed acyclic characteristic of the

WANG Li-Min, Ph. D., professor, PhD supervisor. His
main research interests include probabilistic logic inference and
Bayesian network.

SUN Ming-Hui, Ph. D., associate professor. His main

research interest includes artificial intelligence.

Bayesian network, most of the existing BNCs use the artificial
defined arc strategy, which cannot reflect the real causal
relationship between attributes.

This paper proves that conditional mutual information is
essentially a measure of the difference between two local
topologies of conditional (in) dependence in terms of the
entropy functions and cannot be used to measure the data fitting
of the overall topology. The resulting model will be sub-
optimal. Therefore, this paper defines the mapping relationship
between the joint entropy function and the joint probability
distribution in the Bayesian network from the perspective of the
log-likelihood function, and uses conditional entropy to identify
the attribute dependency relationship in the network and prove
its rationality. On this basis, a label-driven heuristic structure
learning method is proposed to construct a BNC that that can
achieve the trade—off between fitting and generalization.
Experimental evaluation on 35 datasets from the UCI machine
learning repository shows that the proposed algorithm has
significant advantages in terms of classification performance
over other state—of-the-art algorithms, and the algorithmis
effective and feasible for uncertain knowledge representation

and reasoning.



